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j4 4j+ 4
Page 9, eq 38: for a read a ?

Page 10, line above eq 42: for u1 i read ujin
Page 10, eq4Z: for E read

0 0

Page 14, line 4: for t + Z read t(j+2)/2
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S UMIMAR i-

.oo)iutions o)f the bounds r, '.,ler equation fir an unsteady flow iKave
previous lv h otained for only a few. boundary conditions such as those

n, icr, exist in sudcdenly! acc:ele rated or uniformnly accelerating flows. In
this paper a qeneral solution using *,he method Of successive approxima-
.,or.s for an arbitrarily accelerating flow is presented. The solution,
wh ich is expressed in an inte~ural form includiniz the acceleration as a
cnosen, funcrion Of time, is valid for both twvo-dimensionial arid axiatly
symnmetrical flows.

In or-der to show. the feasibility of the solution one example is pre-
sented wvher-e

U -(alt -aztz- at 3 ,a 4 t
4 ) h(x)

i. e. , the variation of velocity outside of the boundary layer is a fourth
degree polynomial in timre multiplied by a function h(x),
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LIST OF SYMBOLS

a = acceleration outside boundary layer
h(x) = function depending on shape of object

L z linear operator independent of t

r(x) = function depending on shape of object

t = time

=T velocity outside boundary layer

= Fourier sine transform o1 ui

u = velocity component of fluid in x direction

v = velocity component of fluid in y direction
$

= boundary layer thickness as defined

= shear stress

1 = dynamic viscosity

V = kinematic viscosity



A NEW SOLUTION OF THE BOUNDARY LAYER EQUATION
AND ITS APPLICATION

by

Fuat Odar

INTRODUCTION

The boundary layer and continuity equations for a two-dimensional flow in
the absence of sharp corners are

au au !u U BU &Zu
-ti + uT + V22 = 8U 4+ U T + V--)

8x ey T x ()

and

Bu 8 V (2)

in which u and v are the velocity components of the iiuid in the x and y direc-
tions and v is the kinematic viscosity. These equations are to be solved for
appropriate boundary conditions. Heretofore, no exact solution has been ob-
tained because of the extreme difficulty of sol%.ng the nonlinear boundary layer
equation. Generally, a researcher finds that he must be satisfied witih a solu-
tion involving successive approximations. A conventional method is outlined as
follows:

(a) Assume that the velocities are the sum of some approximation terms

u u0  + ui + LI + ..... v v0  + vi + vz  f .... (3)

(b) Determine the values of these approximation terms consecutively from

the following differential equations.

-V fi(x,y,t), i ,)1,2....

Bu Ovio . + -ev o, i 0 , ,, 1 . .. (5)

in which

au (6a)

fU u- ' vo  (6b)ex 0 e -U x by

u1 x -1ex by

Further expressions for the functions fi can be developed when higher order
approximation is required. The boundary conditions are

uo (x. 0, t) , o(x,',t) U(x t), U, (x, y. 0) 0 (7a)

and
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u i (x, 0, t) - 0, ui(X, , t) 0, ui(x, y, 0) - 0 (7b)

for i = 1,Z, 3....

If the nonlinear (convective acceleration) terms in eq I are small compared
to the other terms, satisfactory answers may be obtained by calculatin8 the first
two or three approximation terms. This may be the case if there is a rapidly

accelerating flow where v and L" are large. Otherwise, the calculation of

higher order approximation terms may be necessary to obtain the desired ac-
curac'

Solutions of the approximation terirs have been abtained only for a very
limited number of problems. One of them is the case of a sudden acceleration
of a body starting at rest and mo-ing at a constant velocity thereafter. In this
case f0  = 0 for t < 0 and f0  - U(x) for t > 0. The solu!ion for u is given in
many of the stand-ard textbooks on boundary layer theory (e.g. , Schlichting,
1960). The solutions for ul and u2 were obtained by Blasius (1908) and Goldstein
anId Rosenhead (1936), respectively.

Another problem is the case of a unif.rn acceleration of a body which was
initkally at rest. The solutions for u0 , L I and u. for this case were )brained by
Blasius (1908). More complicated cases involving some nonlinear accelerations,
where U z h(x)tn with n = 0, 1,2, 3,4, were studied by Goertler (1944). Recently
Watson (1955) extended the work of Blasius to the cases where U(t) At" and
U(t) Aect.

In all the problems mentioned above the flow around the body vas two-dim-
ensional. Boltze (1908) applied the method of successive approximations to solve
problems where the flow is axially symmetrical. In this case the boundary layer
equation remains in the same fcrm but x and y are the curvilinear co ,dinates
parallel and normal respectively to the surface of the body. Fhe equation of

continuity changes to

in which r(x) is the variable radius which specifies the conto ir f the body of
revolution. 1.,us, the cortinuity equatio , for the approx~m ation te rmns i

X y

which should be consdered iri tead of eq 5 in solving the problem of an axially
symmetrical boundary layer. To the %riter's knowledge, s!utitons for the iirs"
three approximation terms in an axially symmetrical flow have been obtained
only for the case of a sudden acceleration by Boltze (1408).

The writer has solved eq 4 for an arbitrary f tunction and for an arbitrary
boundary condition, namely an arbitrary U(O, t). Ilhe only limitation is 'at thle
fluid should be initially at rest. 'he -olution is valid for both two-diMentonal
and axially symmetrical boundary layers.
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SOLUTION OF THE APPROXIMATION TERMS

Before presenting the solution of the first approximation term it is neces-

sary to give some background information. Consider a linear differential equa-

tion of the type

Lu = 8u (10)
t

in which L is a linear operator independent of t. Let g(x, t) be a solution of this
t

differential equation. If g(x, 0) 0, then f F(t-t')g (x, t')dt' is also a solution.
0

This may be proved as follows:
t

Let t-t' = t". The integral solution becomes f F(t") g (x, t-t")dt". If the
0

derivative with respect to t is taken,

tTt F(" t 8''-''x.0

0

can be obtained. The last ter7-i is zero since g(x,O) 0- . Since g(x, t) is a solu-
tion of eq 10

t0

0 0

L f F(t") g(x, t-t")dt.
0

The stated result follows immediately. These integral solitions were used by

Basset (1888) to solve the problem of an accelerating sphere in a fluid. They
are also widely used in heat conduction problems. The function F(t-t') is de-
termined from the boundary conditions.

Now the problem c" the unsteady fluid flow ca'ised by an arbitrary and
rectilinear motion of an infii itely long flat plate will be investigated. The

Navier-Stokes equations reoace to

8u Lu (Il1)i

in which u is the velocity parallel to the plate. If the plate is accelerated sud-
denly from rest and its velocity is kept at unity thereafter, the boundary con-
ditions are u(y, 0) - 0, u(0, t) - I and u(-% t) - 0. The solution which cAn be
found in many standard textbooks (e. g, Schlichting, 1 96Z') is

u I- erf'q (IZ)

4
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where i y(v t)'2 For an arbitrary acceleration the boundary conditions are
u(y, 0) = 0, u(0, t) = U(t) and u(-o, t) = 0. The integral solution is

t
u(y, t) f fF(t-t') [1 - erf r,'] dt'

0

where il y(t')- 2 According to the second boundary condition,

( 0 t) = J F(t-tl)dt' = U(t).
0

Thus,

F(t) - = a

where a is the acceleration. The solution becomes

u(y, t) j (I - erfin) a (.-tl)dt' (13)
0

whe re

erf l' -Z-2 jr e- Uz.
0

Th' result will be used to obtain the solution of the first approximation
term. The differential equation for the first approximation term is

au &Zu _U l.4)

and the boundary conditions are u0 (x, 0, t) = 0, u0 (x, o , t) = U(x, t) and
uo (x, y, 0) = 0. By introd?,cing a new variable, u0 '(x, y, t) u0 (x, y, t) - U(x, t),
this differential equation reduces to

-8c 1 az Iis

and the boundary conditions change to u0 '(x, 0, t) = -U(x, t), u0'(x,1 , t) = 0 and
uo'(x.y, 0) = 0. Note that U(x, 0) = 0.

Equations II and 15 and their boundary conditions are the same except that
the second boundary condition of eq 15 has a minus sign. Thus the solution for
the first approximation term can be readily obtained in the form

Uo J TUerf . t 2] dt," (16)
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Inrorder to calculate higher order terms of eq 3 a Fourier sine trans-
iorrr. with respect to y is usc!L. The Fourier sine transform and its inverse
transform are respectively

i ui sin ys d' and ui z f 7; sin ys ds. (I?)
0 0

Multiplying ea 4 by sin ys, integrating the second term cwice and using the
boundary conditions on ui(xy,t) gives

+v'sz-j = f fi(x,y, t) sin ys dy. (18)
0

I is is a first order non-homogeneous linear differential equar;.on, with solu-
tion

Ui = exp(-vs"t) f exp(vst') f f1 (,.y, t')sinysdydt' - C exp(-vsat).
o 0 (19)

According to the third boundary condition, when t = 0, u i = 0 and therefore,
Ui = 0. This gives C = 0. Usitig the inverse Fourier sine transform the solution
ui is obtained:

ui = - expt - v sz(t-t')] fi (x, y', t')sin ys sin y's dy' dt' ds. (ZO)Trff
0 0 0

Integrating with respect to s this equation reduces tot 00
u 0 (t-t=) -I [ L -fxf[f 4 . (tI dY' dt'.

SKIN FRICTION

The skin friction can a!so be expressed in series form:

n /u'
: (8u (2z)

1=0 My =O0

in which r" is the shear stress and L denotes dynamic viscosity. The derivatives
of the approximation terms at y 0 are

au

1 dt" (23)
O rt -t ") (
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and for i = 1,2, 3...

01 1 ' fi(X, 0, t')  dt'

y=0 (IT V)i t t}

t00

+ --- exp [ 1 dr2 'dy' (Z4)
d'o (t-t')i A

Substituting expressions Z3 and 24 for ui in eq 2Z,

t au U1 tgo exp-
T -5 +U - '  -- j[dy'dt'
(Tr v)2 (t-t')z (n' )l (t-t') i=

(25)

is obtained. This is a series solution for the skin friction. The number of ap-
proximation terms depends on the type of motion, the shape of the body and the
degree of accuracy rcquired by the problem.

APPLICATION

U = (at + atZ + at 3 + aAt 4 ) h(x)

in this example the terms for i = Or, 1 and Z of series 7 are calculated. The
first integral term is

t au auS -- + dh aZt

J d0. y Za, + 2.667 a2t + 1.067 (3a3 + i

0 0d

0.914 (4a 4 + Z aaz)t3 + 0.813 (Zaja 3 + az d? h t4 + 1.478(aza3 +

dhaa4~ ts + 0.682 (Za, a + a 3 )-h th t7 +82~ ~ a-dt6 + 1.2Z73 aaa4t

dh~ 1
+ 0. 599 a * dh t hti (26)

The zeroth order apnroximation term for velocity is

t

uo = h y erf 711(t_ t,,)- (a, + Zat" + 3ast" Z + 4a 4 t"3 ) dt". (27)

0
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fhe integration leads to

uo z hi2tal Fo(T]) + 4aztzFj(j) + 6a 3t3 F ( ) 8a 4 t4 F 3()f (28)

where F., F 1 , F z and F 3 are functions of :
2( t)2

F0  erfq(n' + ) Tr ' Te'- 1 (29a)

Fr erf (n! + ++)+ efl( -3)- 3,14 (Z9b)

FZ = erf-(6 +  + Zn +45-T1)+ (+-W-e571 283 +

4 e 4 245 n ' -45 T)c

F3 :erf +4 + -L6+ ?-8) + W- e-IZ( 93 +
37 3 + -i 5 - ) 11 1 ± n Z 18.

+ +y5 Ts +.f.r1  ) iT e

+ 35 ..1.05. 15 0''i . (29d)

The next step is the calculation of To do this expressions for %

v0 and 2 are needed.

It can be shown that

-1 dhayax t - {a 1G0 t + 2aG l t2 + 3a Gz t3 + 4a 4 Gt 4 } (30)yax 3 4xt4

in which Go, G1 , G2 and G 3 are some functions of i.

Go  2 i erfil + 2 Tr 2 e'2  - 21 (31a)

4 4 4
G= erfil(ni+2) e -en (- + -11)- !- q 2r (31b)

8 erf8l(li'+ 8 Z) - 16 2 )Gz e + -n

1 51 54,-' 3 1_
z- -T 157 (3 1c)

G3 = erfT( n +L-7  + 4n3 + 2n ) + W2 e-'' 32 116 2 +

3 Z 16 43 74 , 16 q (31d)
+2 j-I yl 105' - 45' 105'

and
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T= {aiso - 2a{ (so s s)t s 3a 3 (So -Zs1  s2 )t2

4a 4 (so - 3s, , 3s, - s3) }. (32)

In which so, S1, S2 and S 3 are some functions of rl.

so = -2erfcj (33a)

) _,12
s, = 4i9 erfc 1 - 4 - e 1 ' (33 b)

S2 = q erfc q +4Tr -n' n.e(33: - rc ~TT~ (2"13 -1 1)e 1  (33c)

16_ 4 4
S3 = ""1 erfcn - -ir- (_2 11 3 4- ,)e 1 (33d)

Using the continuity equation (eq 5) vo can be calculated.
1 d

v o  - 4 (v t)2 h {aV ° t + Zaz (Vo -V)t z + 3a 3 (Vo - ZV + VZ)t 3

+ 4a 4 (V o - 3 V1 + 3V Z -V 3)t4 } (34)

in which Vo  V1 , Vz and V3 are some functions of ,1.
1 1 -i -I z  1 -) 235a

V o = erf 1( 11 + '113) + Tr 2 11 e 7 3- (35a)

V, z erf= l (1 1 + - -14)e'

1 11 -1

+ "F5 IT 2 (35b)

V2 = erfq( 1 +4 T)+ I- + 11  - T1 4+3-,1 6)e 1

4 7 1 _5

V3 = erfr(I-11 11 9) + Tr I . 1 4 I 6V8 9 r~(8l 4-5 '+ 4 (+ -?, T 3-00 I + -TI

2 )e-1 2 + 9_ I -
-') 9451 9 (35d)

Now can be calculated:

- { taekX + 4t~aja 2 XZ I 6t 3 aja 3\ 3 + 8tazX4 + 8t~ala 4 \5 +

lZtaza3 X6 + 16ta z a4 k)+ 18 t~a3Zk8+ Z4ta3 a4k9 + 3ta 4 .1 }na..)

(36)
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in which Xi, i=l to 10, are some functions of -9 which involve Fj, sj, Gj and V
j =0 to 3.

The next step is to multiply y with exp [- )r ] (t-t') 2 and to inte-

grate with respect to t'. Substituting t/(t-t') =do and carrying out the integra-
tion the following result is obtained.

z

,_ y dy' dt' - - 4t2alZI + 8t'ala2IZ +

(t-t') 2  a'-+8 aa10 o

+ I2t 4 ala313 + 16t4 a 2 14 + 16tsala 415 + 24tsaza3 16 + 32t 6aza 4 17 +

36t6aZI, + 48t a3a419 + 64ta42I10 ha- ta (37a)

where

00

Ii = d, fori 1, Z ..... 10 (37b)

0

where i refers to the terms of the series in eq 37a and € is a function of Tj cal-
culated from the integral

00 +

e $ _ Qda (38)
j + 4

where j is the numerator of the power of t in eq 36, every term of which can be

expressed in the form of amankit J / 2 . The functions *,j,) are tabulated in
Appendix A.

The integrals Ii asymptotically approach constant values as in - o. It can
be shown that if they are integrated from zero to properly chosen values of I*,
the values of the integrals remain practically unchanged. For example

I, = 0.0536 for in -- o I, = 0.0534 for nh* = 1.44 (39a)

IZ = 0.0429 for il1* -co I, = 0.0428 for nl* = 1.44 (39b)

14 = 0.00952 for,1*--oo 14 = 0. 00951for 2z* = 1.23. (39c)

The values of ill* and 7,2* refer to the boundary layer thicknesses for the
cases where U, = halt and U, = hazt2 respectively. They are calculated from the
relationships u01 /U l = 0. 99 and utz/Uz = 0.99 ano used as upper limits for the
first and fourth integrals since ) I o, and X44 involve only the functions due to
the terms linear and quadratic in t respectively. The second integral involves
the cross product terms and therefore the higher value of i,* is chosen. IA
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The values of the other integrals are

13 = 0.0237 for ,1 1 * = 1.44 (39d)

Is  = 0.0151 for 111* = 1-44 k39e)

16 = 0.0112 for Tiz* = 1.23 (39f)

17 = 0.00751 for ilz* = 1.23 (39g)

is = 0.00345 for 713* = 1.09 (39h)

19 = 0.00477 for T3* = 1.09 (39i)

I10 = 0.00168 for 714* = 0.99. (39j)

Now the next term of eq 25 will be calculated. The first order approxima-
tion term for velocity should be calculated by using eq 21. It can be shown that

f, = h d h {a1 ZS, (11 )tZ + Zaja2SZ (Tj)t 3 + ZajaS 3 (n1 )t4dx

+ aZZS
4 (TI)t + 2alc4Ss (-n)t s + 2aza 3S6 ()t

5 + Zaza 4 S7 (n)tG

+ a3
2Sa (r)t' + ? a 3a 4 S9 (r)t7+ a.S10 (I )t} (40)

where Si(n), i = 1 to 10, are some functions of il calculated from eq 6b. The
terms of f, are to be multiplied with the kernel in eq 21 and integrated. Since
the Si(n) functions are quite involved, they are approximated to fifth degree
polynomials in Tj by using the least squares method.

The next step is the integration in accordance with eq 21. Each term has
the form of

5t aotm Ai n

I -~dh A 'in TI
u = (w) f hd x  ttK} dy'dt' (41)

0 o

in which K denotes the kernel. Changing the variables t' = aZt and ob. 2 rving
I I

that y' = &(v t'), -q and y = 2(v t) i, uli can be written in the following form

0 0o

(42)

Since the value of uji becomes small at the edge of the boundary layer, the
upper limit of the integral is changed from o to 71i* and the integration with re-
spect to q1' is performed for each term of the polynomial, i.e., for the values
of n varying from 0 to 5. The results are shown in Appendix B. Next, the in-
tegratiori with respect to a is carried out by a digital computer at chomen values
of 71 with the values of m i varying from Z to 8. Thus, eq 42 reduces to
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_1 dh mi+l 5
uli= 2  h-t Ain Cni (I) (43)dx X 0

where the values of Cni are tabulated in Appendix C. The values of u. are cal-
culated at chosen values of i and the results are approximated to tenh degree
polynomials in ri by using the least squares method. Thus, an approximate
expression for ul is obtained.

ul = hdh -- L ZaZg 1 (n)t 3 + Zaja z g, ()t 4 + Zala 3g 3 (1 )t5

+ azZg4 (,n)tl + 2aja 4 gs (%)t6 + Zaa 3g 6 (T)t6 + Za z a 4 g 7(r)t 7 +

+ Za3a4 g9 (TI)tI + a4Zgj0 (n)t 9 } (44)

where gi(n), i = 1 to 10, are tenth degree polynomials in 1. Since in this cal-
culation process two approx4 mati-"'s with the least -quares method are invulved,
it is advisable to check the accuracy cf the expression for u1. To do this, u1 is
inserted in eq 4 and it is found that for all practical purposes the equality is
verified. In this connection it should also be pointed out that the values of
gl() should be the same as thn values of Blasius' C3' function multiplied by

Tyr In order to make the comparison both of these functions are plotted in

Figure 1. The values of the functions up to Tj = 0. 8 are practically the same
and the curves deviate slightly from each other above q = 0. 8. This is further
evidence that the polynomial approximations are satisfactory. Incidentally the
value of Blasius' function at il 1. 0 is 0. 069 and not 0. 0Z as tabulated by Blasius.

"T - ] I I I * I '

7F
\

9,01.

04 Of

Figure 1. Comparison of g,(n) with Blasius' v function.

---'1-
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Now 212 can be calculated,.
by

. .1 d /idh, [F g-h~irv )- -a-x r~ 2a,3t7/2 & -5eJ4aat9/2

so ez) ~(F± '.s e~ + 4alza3 tll/Z j(Fo & s e3 ) + 1. 5

(F a dL -sate,)j - alaZtll/2 f( 0 ~ So s e 4 ) - 4 (F1  pdr sr j Itez))

+ 4ajza4 tS/z (F o So es) -2(F, & + Se) 4aat13/Zd l dr1  3til+4aaa

dy e)l 2 1 - jite 3 ) +~ 3(F, & +ztezd + 4az 3 t13/2

s1 e it 4 a~ 4 tl'5 /2 
I ± so e7 ) . (Fl ~ st 5

+ r 4(~~Z 3te2)I + iala3 ztls/z [(F 0 .d S0 e8) ±6(F 2 . + satej)

8aazaitlS/2 I( .SA + site6) 0. 75 (Fz d~. szte4 )J - 4ala a.t17 /Z

I (F 0  & + s 0 1:) + 3 (Fz .i + ±(A s3 te3)j + 8azaat1/
d t dil sZtes)4( di 4l/

(F1 19L + sitei) + (F3  & + s,te4 )l 4aza, ZtJ7/2 [F g~sts

+ 3(Fz && + szte6)J + 8 aza 3a 4t1 9/z I (F & ~e)+I ( 2 +Sti

± ~ Z(F, +~ +S~te6 ) + I.
3t~I 5(F2  U + satet

+ 4(F 3 &.s 1 7 j~IaZ~t12JF~~ 
9 

+F

4~~~ (Fd 1 d

+6ala4 2ti /2 1((F, S !(F 8d~d Z steIo 3 + ~ + * uteq)] + 8ai3tilh

(F+ s5eljj (IT )-I h (gi2 -21 )/ fGg dl
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+ 4alzazt9Iz [(Go gz - vO dz Gg d2 a~~~/

[(Gog3  -0 V+4) 1.(G G lg - Vj 2dl, J a lza t ll(G/ 4 -

4 4G~~ -v 1  + a1 at~/ 5(Gog -v~~ (~ 1- Vzt Lz l

(GF 9G V-4 + 4(GZg3  d 2 t
4a~a~a~t~d/ g6 ~ 940 d 1  k +3Gg - V O

+- 4aiaaGlg z [ G g1t d2 V0 + 4a / Z(G gs Vot j~ +z 4( 3g 2 - 3 dzf

2G - +0 ?(GG911 - d + 4daartlf

[(G0 g9 - V0 ~jn ) + 3(zg - (G g 3  v3  ) 2i 4
2 1

[(G0 ~ t3/ Go0 960 d -~ Vo 2d +(~g 3(G - V 1z

4aaz+t 8ad/Zt~/ Go 9G- -VoVdzt + 4.(G9g -V+d 3(Gglg 2d VV 2d4/iL td1

ZGa tls/ (Go 98-v (Gg3- Vzt 3 .
I 1 L - i) y(~, d

0v1 d2 d

wher gs-gd~ ~ - V~ It 2d- 4(,9 - - 3s14 + la4

'it-o V- v V+ G 1 4 V- V~ V + 4aa Vtl/ G- V j

EahtrLfti qaio a h omo ma ak t d'2 X( 1 ) whreX
th untono v n h rakt. ac er stob mlipi!dwt
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exp - (t-0) and integrated with respect to '. By substituting a
and integrating with respect to a, 4(j, j) functions, where j is the numerator ofthe power of t, are obtained. They are tabulated in Appendix A. Thus, each

00

term can be written ir. form of am an ak t f ,(j,ii)Xp(n)dq. Changing the

0upper limit of these integrals from ao to 71 and performing the integration, the
following result is obtained.

f exr 0-5 h dzh
a o (t-t')Z dy' dt' -ht 2  al 3 t4  00956 hd

+ 0. OZ82 (dh) + a'azt 3 O. 02Z9 hd h + 0.0828 (Lh, + azla 3 t6 0. 0195 had

+ 0. 0531 dh2 + ala z t6 10 . 0182 h d  , 0.0508 (dh + adZaat70"OlThdh

+ 0. 0 455_d J + 0309 h d'h +

.00485 hh + 0. 0136 ady + aaza4ta 0.02d66h + 0 h 0.

ala+ 0 009 [ 0134 h d-Ja a . 0405 h azzat dzh 4dh
dhx . 0 1 3 h d--z . 064 O. dh +

a l a3 a4 t9  . 0 8 h dz * 0. 0677 ( h aZ a4t 01 1 ) d h+ . u3 -
d-h 31 1 dxi 1 ~0 4 hdh .-6 dh

aza,'t"0. 0,i 6 hcd- 0301 JdxI az.a)a 4tl° [ 024,h d x. O dh

d h 0-al). 10 ° 0 01:;7 hd. + 0 ."00,)45 a 04lz l  0 14 h:d- 0. 0 374\( 1j

az tIId~h dhI a [0 n,,, d~h  0 ', d ' :

1~ T0. ( 04 32 (3II)

a, 0.L 4.O) f h h

(4 .
Hij,her order apprlx-ati.n ' r nlerm s ;-r ,nd u --an be k .i::late , ?ithe

same n "'her. Pvn.,;: .lp,: . atar: are quiite acc"-.te aind can be i-e s5fu ' ,sed n aK .at- appr.)x atlon tertn... (;enerati, the c.ef ie..t% ,f
h and r&() r. !p va,.,;pr ,a h ,t r f:. a sa .es. Far ex,,mp~e, the first set

C )ff( lenit t-)r v % ' .een ' 0. 8 and rl 1.4. 1her,'fjre, -. htdis, rrpan e. ir i - h1 ih %ai :vs )f ", suk h as '-he disc rrpAn v ab., ., 0. 8 1n
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the expression for gl(i), nave very little effect in the final answers. However,
if more accuracy is required, different ranges of q may be considered and
separate approximations for these ranges may be made. Incidentally the coef-
ficients of d~h and -,h for uniforny, acceleration should be the same as tnose

given by Blasius. BIas!is' values are slightly different; they are 0.010 and
0. 026 respectively. Apparently Blasius has made a &light numerical error be-
cause, when these coefficients are calculated according to Biasius' own formula,
the sar', values as those presented in this paper. are obtained.

CONCLUSION

The integral solutions (eq 16, 21 and 25) are useful in calculating the suc-
cessive approximation terms for the shear stress in an unsteady laminar boun-
dary lay r. These integral solutions are valid for arbitrary accelerations and
in this paper the ir ,grations are carried out for the first two successive ap-
proximation terms in an example. The example is choser so that it may be
useful to the readers in approximation of the other velocity variations.

Generally, it is difficult to calculas 'ese integrals without any approxi-
mation. However, as shown in this paper, polynomial approximations leading
to accurate results, for most practical purposes, can be made. Higher order
successive approximation terms can be readily obtained in a similar manner.
Since these calculations can be carried out with a high speed digital computer,
the method may prove quite useful in calculation of the successive approxima-
tion terms in unsteady boundary layer problems where separati-'n does not take
place. H-iher order successive approximation terms may not oe needed for
the cases where separation takes place since generall-7 ieparation occurs a
short time after the onset of the motion.

LITERATURE CITED

Basset. A.B. (1888) A 'reatise on hydrodynamics. Cambridge, England:
Deighton, Bell an- '-., vol. 2, ch. !1.

Blasius, H. (1Q08) Grenzschichten in Fluessigkeiten mit kleiner Reibung, Z.
,Nmaum. u. f.hv.v .

Boltre, E. (1'08) Grcnzschichte, an P._)taionskoerpern in I'luessuikeiter mit
kleiner Reihunw, Tihesis, Ctti.gen.

Gaertler, H. (1948) Grenzschichtentstehung a.': _lindern bet Ar.fahrt alAs der
Ruhe, Arch. Math., Vol. 4.

G,!dstein, S. and Rosenht ad, L. (193b) Boundaj j .r Xrowth, Proceedings.
Cambridge Philosophical S)ciety, vol. 3Z. p. 3Q,.

Schlichting, H. (iO60) Boundary layer theory. New York. McGraw Hill Book
Co., Inc.

Watson. E.J. (1155) Boundary layer growth, Proceedings of the Royal Society.
AZ3 I.

4,.



APPENDIX A 17

Functions

0(3.,q) = Z3 - ZZs+ Z7

(5, = Z3 - 3Z + 3Z 7 - Z

4,(7,) = Z2 - 4Zs + 6Z7 - 4Z9 + Z11

(9- = Z3 - 5ZS + 10Z7 - 1 OZ9 + 5Z1 -Z13

0(1,r7)= Z3 - 6ZS + 15Z - 20Z 9 + 15Z1- 6Z,3 + ZIS

,0(13,,1)7 Z 3 - 7Z3 + 21Z7 -35Z + 35Z - 21Z13 + 7Z 15 - Z17

0 (15, 1) = Z - 8Z3 + 28Z7 - 56Z 9 + 70Z, - 56Z13 + 28Z1 s - 8Z 17 + Z19

*(17 ?) = Z 3 - 9Z S + 36Z 7 - 84Z9 + i26Z4 - 126Z13 + 84ZS - 36Z,7 + - Z

o(19, q) = Zj - IOZ S + 45Z7- 120Z 9 + 210Z n - 252Z3 + 210ZIS 120Z17 + 45Z4,
-lOZZ1 "- Z23

*(21 ,-.) . - IIZ S + 55Z - 165Z 9 + 330Z, - 462Z3 + 462Z3 - 330Z17 + 165Z 1,
-55Z4, + 11Z23 - ZZS

0(23,i)- Z3 - Z S * 66Zi - 22O9 + 495Z, - 792ZZs + 924Zs - 792Z17 + 495Zq
-22OZZ;. + 67_. - !ZZ?7s + ,

4(25,--) Z 3 - 13ZS + 78Z 7 - 28629 + 715Z4, - 1287ZI4 + 1716Z4,- 1716Z17
+ 1.87ZIw - 7,SZ 2, + 286Z23 - 78ZZq + 13Zv - ZZ9

All Zi are function, of , as defined below:

Z4 2.0 - 3. 54490770reyi2 erf c

Z - 0.66666667 - 1.33333333n z + 2.36327179T3 e' erfc 1

Z7 = 0.40 - u266666669q + 0. 53333333r94 - 0. 94530871T e'1 erfc rl

Zq 0.28571428 - 0. ii428571i9 + 0. 076,9048n - 0. 15238095TI6 + 0.27008826i'

e erfc-

Zpm= 0o22222722 - 0. 06349206n' + 0. 02539682Tf - 0. 016931221" + 3. 03336243T9-

0. 0600195919 e1TZ erfc Ti

Z = 0. 18181818 - 0.04040404,n + 0.011544011 49 0.004617606 + 0.OO3078.0r 6 -

0.006156819 ° + 0.0109 1661 ell' erfci

715 0.15384615 - 0. 02797203n z + 0.006216019 - 0, 00177600i6 + 0.00071040r -

0. 00047353,ni ° + 0. 00094720IvIZ - 0. 001 678831 ll) erfc ,

Z = 0. i3333333 - 0. 02051282tl z i 0,00372960! p 4 - 0. 00082880n,6 + 0. 000236808

0. 00009472t90° + 0. 00006 3 1 5,1'

Z = 0. 11764706 - 0. 01568627,q - 0. 00241327914 - 0. 0003878q6 + 0. 00009751vn

ZZ, 0.10526316 - 0.01238390Z + 0. 00165119,n4 - 0.00025402 6

Z43 0. 09523809 - 0. 01 002506nz + 0. 0011794291 - 0, 0001572616
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Zz 0. 0869565?, - 0. 008281 57Trl + 0. 00087174.n4 - 0. 0001025616

Z7 0. 08 - 0. 0069565Z2 + 0. 0006625(n4- 0 000 4 6

Z9= 0. 07407407 - 3. 00592593ihz + 0. 00051 5309I - 0. 00004908nj6
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Calculation of the integral

Thb Z(mi+l)Kj a f Kln 'n

where

K- e O C- - exp- (T i.

for n 0, i, 2, 3, 4 and 5.

Jo a- am+ {erf A!. + erf Pz 2 2erfPo)

- mj ! vi@ (erf P2-erfPI3)+ L- (e- - e

JZ -aZm-l I [jLz + (I - az )] [erf A, + erf P Zerf ] J

+ ?I(1az)I (e " ? + e -PI - Ze-POZ)

+ (l -2) (2 PC e- -, e-PIZ - e z ,

In'.-.. [,1 + -1 (lC1)] kerf Pz - erf P,]

+R9 +.1(l-a)] (1-az), (e-I - e ) -ai)(I e' P e

+ ( -a'p/z (pq . -P1 - t

j am-3 LE [,n4 + 3,n (I-al) +Ill-a)Z] [er 13 + erf(1 - Zer

+ [3 ,2 + 1 n (1-a
2)] (i-a2) | (e Poe- . ze- )

+ 3t (1. a')l (i a3 )(Z 13e 1~ - 13i g 3z1

- 2? -(1 . ")3/ (Z - .e

+-

2i
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a 2 2mL4 + 5 -1 (1- Z + 0 ~ .-a' J(e rf e~ -rf

541+ 5,92 (1 - az) + (1az)21J1La)'! 
-p

-[5,3 (1 -. 2) + 15 T) (I-Ci~) (13ze l - Ple- 0R

+( j~ (iaz/ + -V P 3ee-iI

T (j1Z)S/z (V3ze - Pj'e

where

pi 0 Ti ac-L1,A and Po -'-



APPENDIX C: Values of Cn21

I Coi Cii C21 C31 CL C51

0.1 0. 08760 ,.0j3122 0.01a5 0.01435 0.01341 0.0139-

r,. 0.14959 C.06214 0.037i9 -. 030- 7 .0 '286 5.2 927

0,3 0.19199 .Tej ,0597i ".G, 1 r., L 559 00,.L745

1).4 0.21991 0.12'63 ).03421 ,.07036 0.0672 .07003

0.5 9.23702 .147 36 O.11-97 0. 964, '.0936- o.o9b6i

.).245a9 0.17152 0.13937 .12637 .262' .131465

".7 ,.24 2L 0.19!2 j .1
6  

0. 160-4 0.16501 j. 17915

.,.2L,503 ,,.2588 0.19590 0.19691 ,. 2"I7 0.,23215

.) '.23679 ,.21979 0.22012 0.23251 0.25610 0.292e00

1., 0.22351 ).22391 0.23815 0.26389 0.3013 35432

1.1 0.20487 5.21948 0.2b651 0.28581 0.33937 0.41087

1.2 0. 017 "o.20 -51 0.24112 0.29139 0.35865 0.4J.790

1.3 ).14"46 .7565 0.21063 0.27181 -. 34558 3.44439

1.4 0.10o45 0.13313 o. 169 0,216o6 0.28129 -.359-.

i~

1 C02 12 C22  C 32 C42  C

0,.1 0.07394 0.0 37 0.01251 0.00911 0.0007 i .00-07

0.2 0.123%0 0.04712 ' 2635 0.01945 0.017?6 0.01727

0.3 O.15(>37 0.07011 O042 . 0.03213 0.02a76 0.02e83

0.4 0,17696 .r9236 0,060,' 0.04811 0.4377 0.0441L.

0.5 0.18917 r,. 11351 0.08179 0. 6804 o.0638 0.06472

,0.6 0.19539 0.13309 0.10473 0.09215 0. 0,3882 0.09214

0.7 0.19705 0.15053 0.12882 0.12014 0.1202 0. 12769

0.8 C.19493 r. 16505 0.15273 0.15097 0.15750 C.17196

,J. 9 0.18928 0.17565 0.17467 Q.18263 0.19A r,.2241(,

1.0 0.17991 o. 1816 0.19222 0.21196 0.24099 o.2a80%

1.1 o.16627 o.17961 0.20221 0.23428 0.27758 0.33500

1.2 U.14742 o.16921 o.20060 o.24)06 0.29952 0.374o0

1.3 0.12207 o.14721 0.023 0.22954 0.29291 0. 37763

1.4 0-0&47 0.11027 o.14061 o.a0o4 0.23832 0.314A73
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i 3
03 -13 C23 C33  CC3 C5 3

.l .06.-9 : .31492 :.x9 16 0.0o621 0.00522 0.00502

.2. 10613 -3772 0.01954 0.01349 0.01137 0.01095

- 3. .. ,562' .:3092 :.32283 3.019L7 0.o1581

0.- ... 1-03 ,. 7434 r.04665 0.03512 0.03060 O.029aC

.5 -.15715 .D9175 0.0637
.  

0.05099 0.0588 0.04535

.o. :.6 69 3. 0 86 D.D 9 .07081 0.06630 0.06700

0.129 0.232 v1016 0.09446 .051 0.09620

:.161- D.1362 D.12443 0.12122 0.12452 0.13387

.9 '.15739 ).1.601 ).14431 0.14955 ).16120 0.17975

.. 150-9 D.15194 3.16100 o.17676 0.19975 D.23115

1.1 i.1400' )3.)5223 0.17164 0.19871 0.23492 0.2a72

1.2 3.12512 .1 -79 0.17235 0.20926 0.25902 0.32221

.3 .10412 D._263i ).15794 ).19976 ).25563 0.33023

i.- )."75)2 -. 09.56 0.12151 0.1580 0.20802 0.27569

k4

Co4 -14 C24 C31. C44 C54

0. 0.06412 3.o14 0.00850 0.00533 0.00405 0.00346

.2 ).10531 3.33663 0.01810 0.01157 0.008 0,00755
.. 13377 0.05438 0.0294L 0.01953 o.o155 C.,'1296

0.14578 .07136 0.04270 0.02987 0.02362 3.0209

0.15368 '. '717 0.05767 0.04292 3.3351. 3.03104

.6 0.15646 .1124 0.07372 .o5d63 0.05009 0.04540

. ).15512 0.112-11 oc 0.07631 o.06836 o.o6 1

.14994 U.12081 0.10427 0.0944-5 0o.03869 o.o8638

J. 14037 .12377 0.11483 0. 11J41 0.10912 ".11032
I. 2.12613 - . 9 3.108 . 120J3 3.1227 j. 13071

.1 i. 10502 . 1587 0.11091 0.11714 0. 12641 0.13802

J.-007513 j.37!869 0.08476 J.09295 0.10,326 0. 115,1
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C05 C15 C25 C35 C45 C55

0.1 0.05752 0.0169 0.00703 o.0o 6 0.00356 .00330

0.2 0.09319 0.03131 0.01519 0.00985 0.00790 0.00733

0.3 o.11464 0.34678 0.02517 0.01706 0.01389 0.01294

o.4 0.12722 0.26196 0.3732 o.o2688 0.0249 0.02117

0.5 0.13423 0.07671 0.05168 0.03994 0.03474 0.03334

0.6 o.13766 0.09079 o.26&25 o.o5664 o.oM o.05-

5.7 D.13859 0.10385 0.08594 0.07700 0.07391 0.075.2

,.13753 ^.11541 0.10454 0.o% 0.1)185 0.10797

•.9 0.13453 ;.1 ,74 0.12262 o.126oB 0.1346 o.1473

1.0 0.12wi 0. 1")02 0.13837 0.15131 0.17011 0.1991

5.12 109 5.13219 0.14911 0.17255 0.20359 0.2"36

1.2 0.1i889 >.12479 0.151160 0.18408 0.22708 0.28350

1.3 3.)9105 -.11175 '.13984. 0.1i775 0.22760 0.29450

1.4 5.26531 '.09304 o.1076 0.11.043 0.18533 0.2463.

026 C16 C26 c36 C46 C56

..1 M.0i730 5.51540 0.00664 0.00395 0.00(W D.00239

.,2 0.o0970 5.Oym 0.01433 0.0871 0.C)063d 0.00531

, 0.11377 s.o45,- 0.02365 0.01504 0.0112) 0.00936

o.1257
3  -,. o6)7 0.0348e 0.02356 5.01907 0.01529

-5 13195 •..0737r ,.0.769 0.03664 0.02 r69 0.023j5

f,3.t . 8~1 '.06177 o.4o31 5.-01057 00-

,.7 .13302 1 .,,964 *.07619 J.,6oY 0. J56T5 *..0525.

o.29 . low)O 0).Y955 "0~S .71' .7

0. 121.7 .I0719 0. 0979 o.095& 0.,1443 0. 95 1.

l ,59 11 ,4T7 0. 1,0 309 0.10558 1-)9 ..

,. j)55 .r 317 ).,)975. .io o5 .1255 0. 2311

C U6 9) , .. 3 883 .07V -. 0,9 2 ",.09183 0.1)337

I
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1=7

I C07  C17  C27  C37 C47  C57

3.1 0.05198 0.01320 o.00536 0.00302 0.00212 0.00171

3.2 o.o&6 0.02630 o.o.69 0.00678 0.00s79 0.00387

0.3 0.10074 0.03920 o.1956 0.01197 0.00861 0.00700

3.. 0.11057 0.05174 0.02917 0.01915 0.01428 0.01180

0.5 0.11548 ).o68 0.0 043 0.02873 0.02247 0.01905

o.6 3.11714 0.37468 0.05296 0.04080 0.03373 0.02962

-7 3.11630 0.08418 0.066o1 0.05500 o.o4021 o.o416

.).11306 0-09138 0.07840 0.07029 0.36533 0.o6263

0.9 o.1o696 0.09503 o.o8826 o.o846o 0.08318 0.08354

1.0 0.09696 3 .09329 ).o9276 0.09437 0.,o9774 0.10272

1.1 0.08132 c.o8339 0.08770 0.09384 0.10172 0.11141

1.2 0.05739 ,.o613o 0.o6691 0.071,09 0.08M o.o96i

i= a

' o13 C28  C38 c^6 c5

. 3.051 3 ,0 0.00511 0.0073 0.00178 .00132

o.-53 , .,,Q 561 0. A112 0613 o.o403 0.0029

J.3 ).09997 303831 0.,1853 0.010;3 0.0"'r 4 0.30541

3.4 0.10925 0.J502 u.Ci742 0.01713 0.01194 0.CN3909

.5 Q. 11 33c ,.- -117 '. 33 4 0.0253d C. I 6. 0.-1-57

).6 0.11359 0.07059 0.04&4l )33535 1.3V472 0o.2 ,2?

J.7 0.11059) .0776o m05841 ).o4621 0.03.o. 3.3238

0.10394. 0.03 Mal 3.o6626 j.0o5%26 0.041-,)g J.')43&

).9 OW52 ) ",oT39 o.o69o5 3.06240 o. o s7 o.35178

1.) 0.0730 o.o67? 0.06;2 0.059"3 01.35TI.3 Z.056-
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1,9

C09 C19  c2 C39  C49  c59

0.1 0.0 T58 0.01138 o.oo46 0.00219 0.00138 0.00100

0.2 o.0789 0.02265 0.00939 0.00498 0.00318 o.0023

0.3 o.o68 o.o337 0.o1583 o.oo o.0o85 o.0028

0.4 0.09764 o.o426 0.0237 0.019 0.00989 0.00739

0.5 0.1095 0.0511 0.0379 o.ooh 0.01578 0.0 219

o.6 o.i0l6 0.06272 0.04257 0.030w 0.02375 0.01915

0.7 0.0985 0.06932 o.o505 0.04-10 0.03357 0.028kI

0.8 0.09303 0.07268 0.05960 o.5055 o.Oo102 O.o39

0.9 0.0831 0.07088 o.O6262 o.o667 0.05221 o.o887

1.0 0.06685 o.06o9o 0.05704 0.05W 0.05262 0.051i1

i - 10

CO, 10 C1 , 10  C2,1 o C3 , 10  C1," O C5, 10

0.1 o.01398 0.01000 0.00350 o.oo66 o.ooo96 0.00

0.2 0.06831 0.01987 0.00r7 0.0038. 0.0=5 o.oo01o

0.3 0.08115 0.0208 0.01320 0.00700 J.00216 o.0025

0.1 0.08732 o.o3858 U.019 0.o1.5 0.00730 o.00503

0.5 o.o89.6 o.046719 o.ow, 0.01731 0.0117. 0.00843

0.6 o.oM31 0."l7 o.035o2 0.oe2 0.01762 0.01330

0.7 0,0%15 0.05759 0.04.170 0.031.0 0.ob3e 0.0192

0.8 0.075w 0.05742 o.0o525 o.o366 o.0303 o.25147

0.9 o.o6i 0.05016 o.o.A o.o363o ).03165 o.e?792
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